In this paper we obtain a stability theorem of generalized Kähler structures with one pure spinor under small deformations of generalized complex structures. (This is analogous to the stability theorem of Kähler manifolds by Kodaira-Spencer.) We apply the stability theorem to a class of compact Kähler manifolds which admits deformations to generalized complex manifolds and obtain non-trivial generalized Kähler structures on Fano surfaces and toric Kähler manifolds. In particular, we show that every nonzero holomorphic Poisson structure on a Kähler manifold induces deformations of nontrivial generalized Kähler structures.
Introduction
A notion of generalized complex structures was introduced by Hitchin [12] , which interpolates between complex and symplectic structures. An associated notion of generalized Kähler structures is developed by Gualtieri [10] . Examples of generalized Kähler structures have been constructed by the reduction [3] , [20] which is a generalization of the symplectic quotient construction. Hitchin gave an explicit construction of generalized Kähler structures on Del Pezzo surfaces by using holomorphic Poisson structures and suggested that generalized Kähler structures are related to holomorphic Poisson structures [13] , [14] .
Kodaira and Spencer showed that Kähler structures on compact complex manifolds are stable under sufficiently small deformations of complex structures [18] . More precisely, if V 0 is a compact Kähler manifold, then any small deformation V t of V 0 is also a Kähler manifold.
The purpose of this paper is to establish a stability theorem of generalized Kähler structures under small deformations of generalized complex structures. Applying the theorem, we shall obtain a systematic construction of non-trivial generalized Kähler structures which arise as deformations of ordinary Kähler manifolds with holomorphic Poisson structures. The construction provides many examples by using both holomorphic Poisson structures and deformations of complex structures. In our construction, it is intriguing to solve the problem of obstructions to deformations of generalized Kähler structures. Note that there exists an obstruction to deformations of generalized complex structures in general. We assume that there exists a family of deformations of generalized complex structures on a generalized Kähler manifold X. Then we apply the method in [8] and show that every obstruction to corresponding deformations of generalized Kähler structures vanishes. The method is a generalization of the one in unobstructed theorem of Calabi-Yau manifolds by Bogomolov-Tian-Todorov [24] , which is also applied to obtain unobstructed deformations and the local Torelli type theorem for Riemannian manifolds with special holonomy group [7] . For the more precise statement of the stability theorem, we explain generalized complex structures, generalized Kähler structures and in particular, a relation to pure spinors.
The notion of generalized complex structures is based on an idea of replacing the tangent bundle T of a manifold with the direct sum of the tangent bundle T and the cotangent bundle T * . The fibre bundle of the direct sum T ⊕T * admits an indefinite metric
, by which we obtain the fibre bundle SO(T ⊕ T * ) with fibre the special orthogonal
group. An almost generalized complex structure J is defined as a section of the fibre bundle SO(T ⊕ T * ) with J 2 = −id, which gives rise to the decomposition (T ⊕ T * ) ⊗ C = L J ⊕ L J , where L J is − √ −1-eigenspace of J and L J denotes its complex conjugate. Almost generalized complex structures form an orbit of the action of the real Clifford group of the real Clifford algebra bundle CL with respect to (T ⊕ T * , , ) (cf. [6] ).
A generalized complex structure is an almost generalized complex structure which is integrable with respect to the Courant bracket. A generalized Kähler structure is a pair (J 0 , J 1 ) consisting of commuting generalized complex structures J 0 and J 1 which gives rise to a generalized metric G := −J 0 J 1 .
The direct sum T ⊕ T * acts on differential forms on a manifold by the interior product and the exterior product. For a differential form ψ, we define a subspace L ψ by L ψ := { E ∈ (T ⊕ T * ) ⊗ C | E · ψ = 0 }. A non-degenerate pure spinor is a differential form ψ which gives a decomposition (T ⊕ T * ) ⊗ C = L ψ ⊕ L ψ . Thus a non-degenerate pure spinor ψ induces an almost generalized complex structure J ψ . It turns out that if a non-degenerate pure spinor ψ is d-closed, then the induced structure J ψ is integrable. For a Kähler form ω, the exponential e √ −1ω is a non-degenerate pure spinor which induces the generalized complex structure J ω . From this point of view, we introduce a generalized Kähler structure with one pure spinor as a pair (J , ψ) consisting of a generalized complex structure J and a d-closed, non-degenerate pure spinor ψ which induces the generalized Kähler structure (J , J ψ ). Then we obtain the following stability theorem.
Theorem 3.1 Let (J , ψ) be a generalized Kähler structure with one pure spinor on a compact manifold X. We assume that there exists an analytic family of generalized complex structures {J t } t∈△ on X with J 0 = J parametrized by the complex one dimensional open disk △ containing the origin 0. Then there exists an analytic family of generalized Kähler structures with one pure spinor { (J t , ψ t )} t∈△ ′ with ψ 0 = ψ parametrized by a sufficiently small open disk △ ′ ⊂ △ containing the origin.
An analytic family of generalized complex structures is a family of generalized complex structures {J t } which depend analytically on the parameter t in △. If the space of obstructions to deformations of generalized complex structures vanishes, then infinitesimal deformations generate an analytic family of deformations of generalized complex structures. It is remarkable that a holomorphic Poisson structure on a compact Kähler manifold gives the analytic family of deformations of generalized complex structures which induces a family of deformations of non-trivial generalized Kähler structures.
In section 1, we present an exposition on generalized complex and generalized Kähler geometry. Preliminary results are collected in subsections 1-1 and 1-2 (cf. [10] , [11] and [12] ). In subsection 1-3, we introduce a generalized Kähler structure with one pure spinor and construct a differential complex (K • , d) which is a subcomplex of the de Rham complex. Applying the generalized Hodge decomposition [11] , we obtain an injective map from the cohomology
In section 2 we discuss deformations of generalized complex structures from the view point of pure spinors. The Maurer-Cartan equation naturally arises as the integrability of almost generalized complex structures. Further we show that an analytic family of generalized complex structures {J t } t∈△ are described in terms of an analytic family of sections a(t) of the real Clifford bundle CL 2 with respect to (T ⊕ T * , , ) which is the Lie algebra of the Clifford group (conformal pin group). The exponential of sections a(t) of CL 2 is the family of sections of the Clifford group which acts on J 0 by the adjoint action and we have J t = Ad e a(t) J 0 .
We prove the stability theorem in section 3 in the sense of formal power series. For the analytic family a(t), we will construct a family of sections b(t) of CL 2 such that
It follows from the Campbell-Hausdorff formula [23] that we have a unique family z(t) ∈ CL 2 with e z(t) = e a(t) e b(t) .
Then from (1), e z(t) ψ 0 is a d-closed and non-degenerate pure spinor and we have Ad e z(t) J 0 = J t , from (2). Since almost generalized Kähler structures also form the orbit of the action of the Clifford group, it follows that (J t , e z(t) ψ) is a family of generalized Kähler structures with one pure spinor. When we try to solve the equations (1) and (2) In section 4, we will prove that the formal power series b(t) converges and finish the proof of the stability theorem. There is a one to one correspondence between generalized Kähler structures and bihermitian structures [10] . Then by using the stability theorem, it is shown that there exists a family of non-trivial bihermitian structures on every compact Kähler manifold (X, ω) with a non-zero holomorphic Poisson structure β. Then we obtain an unobstructed deformations of complex structures whose infinitesimal deformation is given by β · ω which is a ∂-closed T 1,0 -valued form of type (0, 1) given by the contraction of β by ω. Thus we obtain Theorem 3.2 [9] Let X be a compact Kähler manifold with a holomorphic Poisson structure β. The class [β · ω] ∈ H 1 (X, Θ) gives rise to unobstructed deformations of complex structures. (see section 3 in [9] for more detail).
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1 Generalized complex and Kähler structures
generalized complex structures
Let T ⊕ T * be the direct sum of the tangent bundle T X and the cotangent bundle T * X on a manifold X of real 2n dimension. Then there is a symmetric bilinear form , on T ⊕ T * which is given by
where v, w ∈ T X and θ, η ∈ T * X. Then we have the fibre bundle SO(T ⊕ T * ) with fibre the special orthogonal group with respect to , . We define an almost generalized complex structure J as a section of the bundle SO(T ⊕ T * ) with J 2 = −id. The direct sum T ⊕ T * acts on the differential forms ∧ • T * X by the interior product and the exterior product,
where α ∈ ∧ • T * X. Let CL be the real Clifford algebra bundle of T ⊕ T * with respect to the bilinear form , . Then from (1.1) and (1.2) we have the induced action of CL on differential forms ∧ • T * X, which is the spin representation of CL. For a complex differential form φ we define a subspace L φ of (T ⊕ T * ) ⊗ C by
A complex differential form φ is a (complex) pure spinor if L φ is maximally isotropic, i.e., 2n dimensional. A (complex) pure spinor φ is non-degenerate if we have the decomposition
The decomposition (6) induces the almost generalized complex structure J φ which is defined by
We call J φ the induced structure from the non-degenerate pure spinor φ. Let J be an almost generalized complex structure with the
the subbundle of CL of degree i. Then we identify the Lie algebra bundle so (T ⊕ T * ) with CL [2] . Under the identification so (T ⊕ T * ) = CL [2] , J acts on ∧ • T * X ⊗ C by the spin representation.
Then we have the eigenspace decomposition of
where U k denotes the eigenspace with eigenvalue k √ −1. The space U −n is a complex line bundle which we call the canonical line bundle of J . (We also denote it by
We denote by {(U α , φ α )} a trivialization of the line bundle K J , where {U α } is a covering of X. Each φ α is a non-vanishing section of K J | Uα which is a non-degenerate pure spinor with the induced structure J . Let d be the exterior derivative and E an element of
We have the derived bracket by the commutator of {d, E} and F ,
By skew-symmetrization of the derived bracket, we construct the Courant bracket as
This is known as the derived bracket construction [19] . Note that if E = v, F = w ∈ T X, then the Courant bracket becomes the standard bracket of vector fields. If the subbundle L J is involutive with respect to the Courant bracket, then J is integrable. A generalized complex structure is an almost generalized complex structure which is integrable. The integrability of J is also given in terms of the corresponding pure spinor. The following observation can be found in section 4.4 [10] .
Lemma 1.1 Let φ be a non-degenerate pure spinor with the induced structure J φ . Then J φ is integrable if and only if there exists
To make the paper self-contained, we will give a proof.
proof It suffices to show that [
If we have dφ + E · φ = 0, then it follows
Hence from (1.9), we have [ 14) where (dφ)
where ∂α ∈ U k−1 and ∂α ∈ U k+1 for α ∈ U k . There is a natural filtration of the even part of the real Clifford bundle CL ,
We also have a filtration of the odd part of the real Clifford bundle,
For instance, the first several ones are given by
where CL [i] denotes the skew-symmetric subspace of (T ⊕ T * ) in CL i . The filtrations give rise to the filtration of bundles E k given by the action of CL k+1 on the canonical line
where
Note that E k is the complex vector bundle since K J is the complex line bundle. We change the degree of E
• . For instance, E −1 is the canonical line bundle K J and E 0 and E 1 are respectively written in the forms
Then E k is the direct sum in terms of U −n+• , First four bundles are given by
Then U −n+k is given as the quotient bundle,
It follows from
It is shown that the complex (E • , d) is elliptic in [8] . We denote by H k (E • ) the k th cohomology of the complex (E • , d).
generalized Kähler structures
In this subsection, we use the same notation as in [11] . Let (J 0 , J 1 ) be a pair of commuting generalized complex structures. Then we defineĜ by the composition,
The symmetric bilinear form G is given by
consisting of commuting generalized complex structures is a generalized Kähler structure if the symmetric bilinear form G is positive-definite.
be the eigenspace with respect to J i for i = 0, 1. Because we have the commuting pair (J 0 , J 1 ), we have the simultaneous decomposition into eigenspaces,
. Then the image of U p,q by the exterior derivative d is decomposed into four components
Figure 1
generalized Kähler structures with one pure spinor
We already see that a non-degenerate pure spinor ψ is a differential form which induces the almost generalized complex structure J ψ . Definition 1.3 Let (J , ψ) be a pair consisting of generalized complex structure J and a non-degenerate pure spinor ψ with dψ = 0. A pair (J , ψ) is a generalized Kähler structure with one pure spinor if the corresponding pair (J , J ψ ) is a generalized Kähler structure.
We denote by K 1 the bundle U 0,−n+2 and define the graded left module K • generated by K 1 over the Clifford algebra CL. We set K i = {0} for i ≤ 0. Then it follows

Then we have the following lemma from the decomposition of the exterior derivative d.
Let (J , ψ) be a generalized Kähler structure with one pure spinor. We denote by a · K J the action of a ∈ CL on the canonical line bundle K J . We define a bundle ker i by
for i = 0, 1, 2. We also define ker i by using the filtration of CL and
Then we have
proof of lemmas 1.5. The real bundle ker 1 consists of linear combinations of the real part
bundle K 2 is also described in terms of ker 2 and ker 2 , Lemma 1.6
proof of lemma 1.6. We denote by proof of lemma 1.7. We will show that the symbol complex of the complex (
It is sufficient to prove that if u ∧ α = 0 for non-zero one form u ∈ T * and α ∈ K i then α is given by α = u ∧ β for a β ∈ K i−1 for i = 1, 2. We have the commuting generalized complex structures J and J ψ which act on (T ⊕ T * ) ⊗ C. Then we have the simultaneous eigenspace decomposition,
with respect to J ψ . The non-zero element u is decomposed into
where u ± ∈ L ± and u ± ∈ L ± . Since u ∈ T * , we have u, u = 0. Hence
In particular, it follows that
because the generalized metric is positive-definite. At first we consider the case K 1 = U 0,−n+2 . We assume that u ∧ α = 0 for non-zero u ∈ T * and α ∈ U 0,−n+2 . Then it follows from the decomposition (1.31) that
(1.34)
Since u + , u + = 0, we have α = 0. In the case K 2 , we assume that u ∧ α = 0 for non-zero u ∈ T * and α ∈ K 2 . Form (1.24), we see that
) be the differential complex defined by the action of CL on the canonical line bundle K J ψ . Since the complex (E ψ , d) is elliptic, we have that there existsβ ∈ U −n+2 J ψ such that α = u ∧β.
(1.36)
We decomposeβ byβ =β (2) 
Then applying (1.32) and (1.36), we obtain that
We also apply the similar method to β (−2) , then we have two equations
(1.40)
We define β (0) ∈ U 0,−n+2 by
Then it follows from (1.40) and (1.41) that
We denote by
The cohomology group of the full de Rham complex is given by the full de Rham cohomology group
proof of lemma 1.8. Our proof is based on the generalized Kähler identities [11] (proposition 2),
where the exterior derivative d is given by
and δ * ± is the adjoint operator of δ ± with respect to the generalized Hodge star operator. Then the identities imply the equality of all available Laplacian,
where ∂ ψ = δ + + δ − . We obtain a (p, q) decomposition for the de Rham cohomology of any compact generalized Kähler manifold,
where H p,q are △ d -harmonic forms in U p,q . At first we consider the cohomology
Let α be a d-closed element of K 1 . Then from (1.46) we have
Then if follows from the generalized Kähler identities (1.45) that
Hence we have
Then from (1.47), α is △ d -harmonic and we have
Hence we have the injection p
In the case H 2 (K • ), we use the Green operators G δ ± , G δ ± and the Hodge decomposition of each U p,q by the elliptic operator △ δ ± . We assume that α ∈ K 2 is d-exact, i.e., α = dβ. Then it follows from dd J -lemma [11] that we have an element ofβ ∈ U −n+2 J ψ such that
(see the discussion [8] .) Thenβ is decomposed into the form,
(1.55)
(1.56)
Then from the generalized Kähler identities (1.45) we have
(1.57)
Then it follows from (1.57) and (1.58) that
Hence every d-exact element α ∈ K 2 is written as
q.e.d
Let J be a generalized complex structure on a manifold X with the maximally isotropic subspace L(= L J ) in (T ⊕ T * ) ⊗ C. In the deformation theory of generalized complex structures developed in [10] , we will deform L in the Grassmannian which consists of maximally isotropic subspaces. Then a small deformation of isotropic subspace is given by
its complex conjugate L ε which defines an almost generalized complex structure J ε for ε.
The integrability of J ε is equivalent to the one of almost Dirac structures in [21] .
The structure J ε is integrable if and only if ε satisfies the generalized Maurer-Cartan equation, Let φ be a locally defined nowhere vanishing section of K J . Then φ is a non-degenerate pure spinor which induces the structure J . The exponential e ε acts on φ and we have the deformed non-degenerate pure spinor e ε · φ which induces J ε . We already show that J ε is integrable if and only if the differential form e ε φ satisfies
for E ε ∈ CL 1 ⊗ C. We will give another proof of theorem 2.1 from the view point of pure spinors. Our proof is suitable for our argument in this paper. proof of theorem 2.1. We recall the decomposition of differential forms,
Let π U −n+3 be the projection to the component U −n+3 . Since J ε is integrable, we have
LetÊ ε be e −ε E e ε ∈ CL 1 ⊗ C. Then by the left action of e −ε , we have
We see that e −ε de ε is a Clifford-Lie operator of order 3 (cf. definition 2.2 in [8] ). It follows from definition that e −ε de ε is locally given by the Clifford algebra valued Lie derivative,
where L v i is the Lie derivative by a vector filed v i and
. It implies that J ε is integrable if and only if we have π U −n+3 (e −ε de ε φ) = 0. The operator e −ε de ε φ is written in the form of power series (cf. lemma 2-7 in [8] )
We define N(ε, ε) by
The operator N(ε, ε) linearly acts on ∧ • T * X, which is not a differential operator.
proof We will show that
for i, j = 1, 2. Thus the result follows. q.e.d. The higher order terms of (2.7) are given by the adjoint action of ε on N(ε, ε) successively. We define ad
Since d L is the exterior derivative of the Lie algebroid L, we have the complex,
proof Since we have dφ + Eφ = 0 for E ∈ L, it follows that
=dεφ + Eεφ (2.14)
Thus it follows
q.e.d.
Lemma 2.4 The Schouten bracket
proof Let E i be a section of T ⊕ T * for i = 1, 2, 3, 4. In terms of the derived bracket
for ε 1 = E 1 E 2 and ε 2 = E 3 E 4 . Then the result follows. q.e.d. Note that lemma 2.4 can be extended to higher order terms (see appendix). We also have
Similarly we have ad l ε N(ε, ε) = 0. q.e.d. Then it follows from lemma 2.3 and 2.4 that we have
Thus the equation
is equivalent to the Maurer-Cartan equation,
Hence we have the result. q.e.d. Let ε(t) be an analytic family of sections of ∧ 2 L. Then ε(t) is written in the form of the power series in t,
where t is a sufficiently small complex parameter. Then ε(t) gives deformations of almost generalized complex structures J ε(t) by (2.1). The set of almost generalized complex structures forms an orbit of the adjoint action of SO(T ⊕ T * ). The Lie algebra of SO(T ⊕ T * ) is identified with ∧ 2 (T ⊕T * ), which is the subspace CL [2] of CL 2 . Thus J ε(t) is written
which is a subbundle of CL 2 . Then we have Proposition 2.6 There exists a unique analytic family a(t) of sections of (
where we take sufficiently small t if necessary.
proof The action of e ε(t) on the canonical line bundle K J defines a line bundle e ε(t) · K J . We also have a line bundle e a(t) ·K J by the action of a(t) ∈ CL 2 . The condition e ε(t) ·K J = e a(t) · K J is equivalent to the condition J ε(t) = Ad e a(t) J . Thus it suffices to construct a section
Given two differential forms α, β, if α − β ∈ K J , then we write it by
Then the equation (2.25) is written as
We write a(t) in the form of the power series in t,
where a k is a section of (
We denote by (e −ε(t) e a(t) ) [k] φ the k th term in t. Then the equation (2.25) is reduced to infinitely many equations,
We will show that there exists a solution a(t) by induction on k. For k = 1, we have (e −ε(t) e a(t) ) [1] 
Thus if we set a 1 = ε 1 + ε 1 , then (e −ε(t) e a(t) ) [1] φ = 0 ∈ K J . We assume that there are sections
for ∀i < k. If follows from the Campbel-Hausdorff formula that there exists z(t) ∈ CL 2 ⊗C such that e −ε(t) e a(t) = e z(t) , where
Thus our assumption (2.29) is e z(t) [i]
· φ ∈ K J for all i < k. Since the degree of z(t) is greater than and equal to 1, we have z(t) [1] · φ ∈ K J and it successively follows from our assumption that z(t) [ 
Hence from (2.30), there is a
where H k is written in terms of a 1 , · · · , a k−1 and ε 1 · · · , ε k . Then there is aĤ k ∈ ∧ 2 L such thatĤ k φ − H k φ ∈ K J . Thus a k is defined as the real part of (k!)Ĥ k and we have
Then we have a solution a(t) as the formal power series. It follows that the a(t) is a convergent series which is a smooth section. Thus a(t) is a unique section of (∧ 2 L⊕∧ 2 L) R with J ε(t) = Ad e a(t) J which depends analytically on t. q.e.d.
Stability theorem of generalized Kähler structures
We use the same notation as in sections 1 and 2.
Theorem 3.1 Let (J , ψ) be a generalized Kähler structure with one pure spinor on a compact manifold X. We assume that there exists an analytic family of generalized complex structures {J t } t∈△ on X with J 0 = J parametrized by the complex one dimensional open disk △ containing the origin 0. Then there exists an analytic family of generalized Kähler structures with one pure spinor { (J t , ψ t )} t∈△ ′ with ψ 0 = ψ parametrized by a sufficiently small open disk △ ′ ⊂ △ containing the origin. This section is devoted to prove theorem 3.1 and theorem 3.2. Let K J 0 be the canonical line bundle with respect to J 0 . We take a trivialization {U α , φ α } of K J 0 , where {U α } is a covering of X and φ α is a non-vanishing section of K J 0 | Uα which induces the generalized complex structure J 0 . Since J 0 is integrable, we have dφ α +E α φ α = 0 for E α ∈ CL 1 ⊗C| Uα .
It follows from section 2 that deformations {J t } is given by an analytic family of global sections a(t) ∈ CL 2 which is constructed from an analytic family of global sections ε(t) ∈ ∧ 2 L. Each section a(t) gives the non-degenerate pure spinor e a(t) φ α which induces the structure J t . Since J t is integrable, we have
It follows from the left action of e −a(t)
We defineẼ α (t) by
Hence it follows
Since e −a(t) d e a(t) is a Clifford-Lie operator of order 3 (cf. definition 2.2 in [8] ), it follows that e −a(t) d e a(t) is locally written in terms of the Lie derivative and the Clifford algebra,
where E i ∈ CL 1 , v i ∈ T and N ∈ CL 3 . Then we have Lemma 3.3 There is a section a i ∈ CL 2 such that
for each vector field v i , where the equation (3.7) implies that
proof The set of almost generalized Kähler structures with one pure spinor forms an orbit under the diagonal action of the Clifford group whose Lie algebra is given by CL 2 . Thus small deformations of the structures are given by the exponential action of CL 2 . Let f t be the one parameter subgroup of diffeomorphisms defined by the vector field v, i.e.,
Since the set of almost generalized Kähler structures with one pure spinor is invariant under the action of diffeomorphisms, there is a section a(t) ∈ CL 2 with a(0) = 0 such that (f * t J 0 , f * t ψ) = (Ad e a(t) J 0 , e a(t) · ψ).
By differentiating with respect to t, we have
where a = d dt a(t)| t=0 . Since f * t φ a and e a(t) φ α induce the same generalized complex structure Ad e a(t) J 0 , we have f * t φ α = e ρ(t) e a(t) φ α , for a function ρ(t) with ρ(0) = 0. Then we have
Hence it follows from (3.6) that there exists a section h α ∈ CL 3 | Uα such that
Let K • be the graded left module generated by U 0,−n+2 over the Clifford algebra CL. as in section 1.3. The exterior derivative d gives rise to the differential complex :
Then we see that K 2 is given by
We define a vector bundle ker i by 15) for i = 1, 2. In section 1, we define a bundle ker
The ker
In section 1.3 we also haveK
proof It follows from (3.11) that there exists h α ∈ CL 3 | Uα for each α such that 22) where (3.21) implies that there is a section
Hence it follows h α ∈ ker 2 and we have
proof of theorem 3.1 and theorem 3.2 We will construct a smooth family b(t) of sections of ker 1 such that
Then it follows from the Campbel-Haudorff formula that there exists z(t) ∈ CL 2 such that e z(t) = e a(t) e b(t) . (3.26)
Explicitly, the first five components of z(t) are given by
(cf. [23] .) Since b(t) ∈ ker 1 , we have
It implies that e z(t) φ α induces the same deformations J t as before and the pair (J t , e z(t) ψ) gives deformations of generalized Kähler structure with one pure spinor. Consequently the equation we must solve is that
The section a(t) is written as the power series,
where a i ∈ CL 2 . We shall construct a solution b(t) as the formal power series,
where b i ∈ ker 1 . The i-th homogeneous part of the equation (eq) in t is denoted by
Thus in order to obtain a solution b(t), it suffices to determine b 1 , · · · , b i satisfying (eq) [i] by induction on i. In the case i = 1, we have
whose image vanishes in the de Rham cohomology group H dR (X). Since the map p
Thus we have a solution
which is given by 
Assume that we already have
for all i < k. From the Campbel-Hausdorff formula we have
Hence it follows from our assumption (3.37)
ψ.
Since (e −z(t) de z(t) ) is given by
the left hand side of (3.39) is written as
where Ob k is the higher order term which is determined by a 1 , · · · , a k−1 , and
From (3.4), we have
Thus it follows from the same argument as in proposition 3.3 that we have
It follows from (3.39) that Ob k ∈ K 2 is d-exact. It implies that Ob k gives rise to the class of the cohomology [
where d * is the adjoint operator and G K is the Green operator of the complex (K • , d).
Hence it follows from the induction that we have the solution b(t) of the equation (eq) as the formal power series. As we see (3.36), we obtain the family of sections b 1,s parametrized by s ∈ H 1 (K • ) which gives rise to a family b(t, s) of solutions. A family of non-degenerate pure spinor {ψ t,s } are constructed as e b(t,s) · ψ 0 . Since the map p
is injective, we have [ψ t,
In section 4 we show that the formal power series b(t) converges. q.e.d
The convergence
This section is devoted to show that both power series b(t) and z(t) in section 3 are convergent series. We will use a similar method as in [16] which apply the elliptic estimate of the Green operator. However we must develop an estimate of the obstruction Ob in section 3 which includes the higher order term. We will use the induction on the degree k. At first we will estimate the first terms b 1 and z 1 of power series b(t) and z(t). We assume that b(t) and z(t) satisfy the inequality (4.16) and (4.17) respectively. Then we will show that b(t) satisfies the inequality (4.6) and then obtain the inequality (4.7). We shall fix our notation. We denote by f s = f C s,α the Hölder norm of a section f of a bundle with respect to a metric. Then we have an inequality,
where f, g are sections and C s is a constant. We have the elliptic complex (K • , d) in section 1 and we use the Schauder estimates of the elliptic operators with respect to the complex (K • , d) with a constant C K . Let P (t) be a formal power series in t. We denote by (P (t)) [k] the k th coefficient of P (t) and Given two power series P (t) and Q(t), if (P (t)) [k] < (Q(t)) [k] for all k, we denote it by P (t) < < Q(t).
For a positive integer k, if (P (t)) [i] < (Q(t)) [i] for all i ≤ k, then we write it by
We also consider a formal power series f (t) in t whose coefficients are sections of a bundle.
We define a convergent power series M(t) by
In [16] , it turns out that the series M(t) satisfies
We put λ = 1 c
. Then it follows from lemma 4.1 that
As in section 3, the power series z(t) is defined by the Campbel-Hausdorff formula,
The power series a(t) is the convergent series which induces deformations of generalized complex structures {J t } defined in proposition 2.6. The norm of a(t) is written as
Then we can assume that a(t) s satisfies
for a non-zero constant K 1 and λ if we take a(t) sufficiently small. We will show that there exist constants K 1 , K 2 and λ such that we have the following inequalities,
for sufficiently small a(t). Note that K 1 , K 2 and λ are determined by a(t), J and ψ which do not depend on b(t) and z(t). The inequalities (4.4) and (4.5) are reduced to the infinitely many inequalities on degree k
We will show both inequalities (4.6) and (4.7) by the induction on k. In this section we denote by C i constants which do not depend on z(t), b(t) and k but depend on a(t), J and ψ. For k = 1, as in section 3, b 1 ψ satisfies the equation,
Then b 1 ψ is given by 
and C 1 = C K C s ψ s . We can define b 1 as a section of the real part of L + L − . Then we have
Substituting (4.9) into (4.10), we have
Thus if we take K 2 with C 1 C 2 K 1 < K 2 , then we have
Since z 1 = a 1 + b 1 , if we take K 1 and K 2 satisfying K 1 + K 2 < 1, we have
where C 3 = 2 ψ s . Then it follows the constant C(λ) satisfies lim t→0 C(λ) = 0.
proof In section 3, b k is defined as the solution of the equation,
In fact b k ψ is given by
Thus it follows from (4.10) and the Schauder estimate
Applying lemma 4.3 and (4.3) to (4.27), we have
where C 4 = C 2 C K and C 5 = C s C 2 ψ s . Then from (4.11) and (4.28) if we take K 2 as
then we have the inequality,
Finally we estimate z k . It follows that
.
From our assumption and (4.30),
Then it follows from lemma 4.1 and lemma 4.2 that
We also have
Then we obtain
proof It follows from lemma 4.2 that lemma 4.3 that e a(t)
Then substituting (4.32) and (4.33) into (4.34), we have
Applying lemma 4.1 again, we have
where C(K 1 , K 2 ) is a constant which depends only on K 1 and K 2 . Since (z(t)) p
[k] consists of terms z i for i < k, it follows from our assumption of the induction that the second term of (4.31) satisfies
where lim λ→0 C 1 (λ) = 0. Thus if we take K 1 , K 2 , λ which satisfy
If we take a(t) sufficiently small, we can take K 1 , K 2 and λ with K 1 +K 2 < 1 which satisfy (4.29) and (4.42). Hence by the induction, it turns out that b(t) and z(t) in section 3 are convergent series.
Applications

generalized Kähler structures on Kähler manifolds
Let X be a compact Kähler manifold with the complex structure J and the Kähler from ω. Then we have the generalized Kähler structure (J , e √ −1ω ) with one pure spinor on X. The deformations complex of generalized complex structures is given by the complex
J denotes the dual of the (usual) canonical line bundle of the complex manifold (X, J). In the case (J , e √ −1ω ) on a Kähler manifold, we see that U −n+• is written in terms of the (usual) complex forms of type (r, s),
3)
We take an open cover {V α } of X and Ω α as a nowhere vanishing holomorphic n-form on V α . Then E α,0 = 0 and the operator π • • d E α,0 is the (usual) ∂ operator. It implies that the space of infinitesimal deformations of generalized complex structures on X is given by the direct sum of the K The space of the obstructions is given by
Note that the description in equation (5.5) is related to that in [10] . Similarly we find that the first cohomology of the complex (K • , d) is described as
Hence it follows from theorem 3.1 and 3.2 we obtain There is no deformations of complex structures on the complex projective space CP 2 . However there is a family of deformations of generalized complex structures on CP 2 which is parametrized by the space of holomorphic 2-vector fields H 0 (CP 2 , ∧ 2 Θ). Let { V α , Ω α } be a trivialization of the canonical line bundle K. Let β be a holomorphic 2-vector field on CP 2 . Then it follows that the action of spin group on Ω α e βt ∧ Ω α induces deformations of generalized complex structure on CP 2 . In fact, we take inhomogeneous coordinates (z
, and β is written as
where f is a cubic function. Then
Thus e β ∧Ω a is a non-degenerate pure spinor which induces a generalized complex structure J β . The type of generalized complex structure J is defined as the minimal degree of differential forms (non-degenerate pure spinors) which induces J . Thus the type of J β is 0 on the complement of the zero set of β and the type of J β is 2 at the zero set of β. Since we have
, it follows from theorem of stability that we have a family of generalized Kähler structures on CP 2 parametrized by
generalized Kähler structures on Fano surfaces
Our theorem can be applied to Fano surfaces. Let S n be a blown up CP 2 at n points whose anti-canonical line bundle is ample (n ≤ 8). Then it follows from the Kodaira vanishing theorem that the space of obstructions vanishes. Thus deformations of generalized 
where H 1,1 (S n ) denotes the Dolbeault cohomology of type (1, 1) which coincides with the cohomology H 1 (K • ) (see section 4), dim H 1,1 (S n ) = 1 + n.
Poisson structures and generalized Kähler structures
In general, we have an obstruction to deformations of generalized complex structures and the space of infinitesimal deformations does not coincide with the space of actual deformations. However theorem of stability can be applied as long as we have a one dimensional analytic family of deformations of generalized complex structures. Typical examples are constructed from holomorphic Poisson structures. Let X be a compact Kähler manifold with a holomorphic 2-vector field β. If β satisfies that [β, β] L = 0, (5.8) where the bracket denotes the Schouten bracket, then β is called a holomorphic Poisson structure on X. Since β is holomorphic, we find d L β = 0. Hence β also satisfies the Maurer-Cartan equation and the adjoint action of e βt on J induces an analytic family of deformations of generalized complex structures. We write it by J tβ = Ad e tβ J . Hence we obtain from theorems 3.1 and 3.2 Theorem 5.2 Let β be a holomorphic Poisson structure on a compact Kähler manifold X. Then we have a family of generalized Kähler structures {J tβ , ψ t }.
The rank of 2-vector β at x is r if β r x = 0 and β r+1 x = 0 for a point x ∈ X. Then we denote it by rank β x = r. Since the type of generalized complex structure of J β is defined as the minimal degree of differential form e β · Ω α , where Ω α denotes a non-zero holomorphic n-form. Thus we have type(J β ) x = n − 2 rank β x .
(5.9) This is concerned with the fact that the type (J β ) x can jump, depending on a choice of x ∈ X. Let X be a Kähler manifold with an action of an l dimensional complex commutative Lie group G (l ≥ 2). We denote by {ξ i } l i=1 a basis of the Lie algebra of G which induces the corresponding holomorphic vector fields {V i } l i=1 on X. We take β as a linear combination of V i ∧ V j 's, Since the type of J β is given by n − 2 rank β from (5.9), it follows that generalized Kähler structures in theorem 5. 
Appendix
Let J be a generalized complex structure on a manifold X. Then we have the decomposition,
We denote by |a| the degree of a ∈ ∧ p L J , that is p. Then for a ∈ ∧ * L J , we define a There is the following explicit description, Then by the induction, we have the result. q.e.d.
